The ionization layer (presheath) separating a fully ionized low-temperature thermal plasma from the space-charge sheath adjacent to a solid surface is described by means of a (multi)fluid model. The character of the solution is governed by α, the ratio of the ionization length to the mean free path for ion-atom collisions. If α 1, the solution is determined by physically transparent boundary conditions, namely, by the Bohm criterion at the sheath edge and the condition of full ionization on the plasma side of the ionization layer. If α < 1, the latter condition becomes ineffective. An alternative boundary condition is found for a certain range of α below unity, α cr α < 1. An approximate approach which spans the whole range of α is suggested. While being incomplete theoretically, this approach is sufficient for practical purposes and gives results that are in agreement with experiment. On the other hand, the question of what is the lacking boundary condition in the range 0 < α < α cr remains open and challenging. S This article has associated online supplementary data files
Introduction
Local thermodynamic equilibrium (LTE), which holds in the bulk of a low-temperature thermal plasma, is violated in the fringes or in the vicinity of solid surfaces (walls or electrodes) (see, e.g., [1, p 7] ). In particular, deviations from ionization, or Saha, equilibrium occur in the vicinity of solid surfaces. (The terms 'thermal plasma' and 'ionization equilibrium' here have the same meaning that is conventional in the physics of lowtemperature plasmas (see, e.g., [1, pp 6, 167] ); an example of experimental conditions to which the present treatment refers is given in section 5.) A quasi-neutral plasma region in which deviations from ionization equilibrium, caused by the proximity of the solid surface, are localized, is conventionally referred to as the ionization layer (or the ionization zone; see [2] ).
Theory of the ionization layer is of primary importance, for example, for understanding the plasma-cathode interaction in high-pressure arc discharges, since the ion flux, which is the main source of heating of the cathode surface, is formed in the ionization layer. A simple theory of the ionization layer can be developed on the basis of diffusion equations. Such a theory has been developed in several variants and for different conditions (see, e.g., [2] [3] [4] [5] [6] [7] [8] [9] [10] ). However, while providing a good approximation under certain conditions, the diffusion equations may be grossly inaccurate under others. As an example, the ion current from an atmospheric-pressure argon plasma, calculated by means of the diffusion theory [11, equation (12) ], is shown in figure 1 versus T e the electron temperature in the near-cathode region. (The temperature of the heavy particles (ions and atoms), T h , was set equal to 4000 K in the calculations.) The dashed line represents the random ion current evaluated under conditions of ionization equilibrium. At T e 2 eV, the ion current predicted by the diffusion theory exceeds the random ion current; a physically unrealistic result.
The need for an account of the deviation of the ion flux to the cathode surface from the diffusion value has been realized long ago. In early works, the limitation of the ion flux was introduced 'by hand': it was assumed that the ion flux could not exceed the random flux evaluated under conditions of ionization equilibrium (see, e.g., the review [12] ). A more rigorous approach is to resort to the multifluid description, in which each species of the plasma is treated as a separate fluid coexisting with the fluids made up of other species. The equation of conservation of momentum of the ions is written in the framework of this description taking into account inertia, pressure gradient, electric field force and momentum exchange between ion and atomic species due to elastic collisions and due to volume ionization and recombination. Note that taking into account inertia and momentum exchange due to volume ionization and recombination distinguishes the multifluid description from the diffusion model. The multifluid approach was first applied to the theory of the ionization layer in [13] . The equation of conservation of momentum of the ions was written taking into account inertia and the electric field force, while the pressure gradient and momentum exchange due to elastic collisions and due to volume ionization and recombination were discarded. In [14] , a model involving all the above-mentioned terms of the ion momentum conservation equation was set up and a numerical solution in a limited range of parameters was found. In [15] , the particular case was considered where the bulk plasma is fully ionized. An asymptotic solution was found for the limiting case α 1, where α is the ratio of the ionization length to the mean free path for ion-atom collisions. An approximate formula for the ion flux spanning all values of α has been derived by means of an interpolation between asymptotic expressions for two opposite limiting cases, α 1 and α 1. Note that results [15] did not confirm the abovementioned assumptions on which the model [13] is based: no regime exists in which momentum exchange between the ion and atomic species due to both elastic collisions and volume reactions would be negligible (if the momentum exchange due to elastic collisions is negligible, which is the case in the range α 1, then the momentum exchange due to volume ionization is of primary importance; we have the opposite situation in the range α 1). Approximate formulae derived in [14, 15] have been used for constructing models of near-cathode layers in high-pressure arc discharges [16] [17] [18] [19] . In particular, it was found that the multifluid model indeed describes the limitation of the ion flux from the plasma to the cathode surface (see [19] ). Unfortunately, it is unclear how reliable these approximate formulae are, given that no exact results are available in a wide range of α.
In summary, one can say that the multifluid model of an ionization layer in an atomic plasma, while looking apparently simple (it may be reduced to an initial-value problem for a first-order ordinary differential equation supplemented by a quadratic equation), proved to be unusually difficult mathematically. The most important questions to be addressed are: why numerical calculations are successful in some cases and break down in others; whether this breakdown is due to physical or computational reasons; how the difficulties can be overcome.
This work is concerned with a treatment of the multifluid model of an ionization layer in a fully ionized atomic plasma. One of the aims is to answer the above questions; in particular, it will be shown that the reason for the breakdown of the numerical solution is, in most cases, of a physical nature. The outline of the paper is as follows. The model is described in section 2. An analytical and numerical treatment of the problem is given in section 3. The results obtained are discussed in section 4 and compared with the available experimental data in section 5. In order not to overload the paper, most of the material of mathematical nature has been combined in nine appendices and posted on the Internet (see [20] ) and is available online at stacks.iop.org/JPhysD/37/3107.
The model

System of equations and boundary conditions
Let us consider an ionization layer separating a fully ionized low-temperature thermal plasma bulk from a space-charge sheath that is adjacent to a solid surface. The plasma in the ionization layer contains one species of neutral atoms, singly charged positive ions of the same species and electrons. The ions are accelerated in the ionization layer from zero velocity in the bulk plasma up to the Bohm velocity at the edge of the space-charge sheath; in this sense, the ionization layer may be termed the ionization presheath.
The assumption of LTE in the bulk is a reasonable approximation for a thermal plasma (see, e.g., [1, p 6] ). Hence, the thickness of the ionization layer under typical conditions of a thermal plasma is much smaller than the dimensions of the plasma. In fact, this thickness is comparable to the mean free path of collisions between ions and atoms under conditions of interest for this work. Since the latter mean free path is much smaller than the length scale of variation of the heavy-particle temperature (see, e.g., the estimates in section 5), this variation in the ionization layer may be neglected. We will assume that the thickness of the ionization layer is also much smaller than the length l ε of electron energy relaxation (which equals the mean free path for collisions of electrons with heavy particles divided by √ 2m e /m i , where m e and m i are masses of the electron and ion) (see, e.g., the estimates in section 5). Then, variation of the electron temperature across the ionization layer is smoothed by the electron thermal conduction and can also be neglected. Finally, since the thickness of the layer is much smaller than the dimensions of the plasma, and in particular much smaller than plasma dimensions in the directions along the solid surface, the governing equations may be written in a one-dimensional form. One arrives at the following system of equations [14, 15] :
Here, the x-axis is directed along the normal to the solid surface from the 'edge' of the space-charge sheath into the plasma (note that the thickness of the sheath, being normally below 1 µm, is much smaller than the thickness of the ionization layer), n i , n a , v i and v a are the number densities and mean velocities of the ions and atoms, k i is the ionization rate coefficient, k is the Boltzmann constant, p is the pressure in the bulk plasma, and
is the mean relative speed of ions and atoms andQ (1, 1) ia is the average cross section for momentum transfer in ion-atom collisions) is the diffusion coefficient of the ions in a gas of neutral atoms under pressure p and temperature T h (in [15] , this coefficient was denoted by
The first equation in (1) is the equation of conservation of ions written for the case where the dominant process of ionization is ionization by electron impact. (Recombination is neglected by virtue of the bulk plasma being fully ionized; see the discussion in [15] .) The second equation in (1) follows from conservation of nuclei, and is valid provided there is no influx of nuclei from the surface. Equation (2) is the equation of conservation of momentum of the ions. The term on the lefthand side accounts for ion inertia, the terms on the right-hand side account for, respectively, the pressure gradient of the ions combined with the ambipolar electric field force, the frictional force due to elastic collisions between ions and neutral atoms, and momentum transfer from the neutral-atom species to the ion species due to ionization. Equation (3) follows from conservation of momentum of the plasma on the whole, the first two terms account for dynamic pressure of the ion and atom species.
The boundary condition at the edge of the space-charge sheath is given by the Bohm criterion:
On the bulk-plasma side of the ionization layer, the plasma is fully ionized and the ion density tends to a constant value:
The problem (1)-(5) in dimensionless variables reads:
where
1/2 may be interpreted as the ionization length, i.e. a scale of thickness of the ionization layer in a fully ionized plasma evaluated in the framework of the diffusion theory. The parameter α is of the order of the ratio of the ionization length to the mean free path for ion-atom collisions; that is, it has the meaning of inverse of the Knudsen number for ionic and atomic species. Alternatively, α 2 may be interpreted as a characteristic of the ratio of the frequency of ion-atom elastic collisions to the ionization frequency. In the following, it will be sometimes convenient to employ, along with δ, the parameter β = T e /T h ≡ δ 2 − 1. Differential equations (6) and (7), supplemented with the algebraic equation (8) and with the boundary conditions (9), represent a boundary-value problem of the second order. After the problem has been solved, one can find the ion flux to the surface:
The asymptotic behaviour of the solution to the abovestated problem at large and small ξ is considered in appendix A of [20].
Reducing to an initial-value problem
The second-order boundary-value problem (6), (7), (9) may be transformed to a first-order initial-value problem in several ways. For example, equations (6) and (7) may be resolved with respect to the derivatives:
Dividing equation (12) by equation (13), one gets
Equation (14), supplemented by the algebraic equation (8), should be solved for the function f (w) on the interval 0 w 1 . An initial condition is supplied by the second boundary condition (9) and reads
There is an uncertainty on the right-hand side of equation (14) at the point w = 0, where both the numerator and the denominator vanish (note that ν = 0 at w = 0). Resolving this uncertainty, one finds
Since the atomic density ν cannot be negative, the lower sign should be chosen. Note that these formulae may also be obtained from equation (A2) in appendix A of [20] .
While solving the initial-value problem (14), (15) numerically, one should use the first equation in (16) (with the minus sign) for evaluation of the right-hand side of (14) at the point w = 0.
One needs to solve the quadratic equation (8) with respect to ν before resorting to numerics. Since the third term of this equation is non-negative, solutions to this equation, if they exist, have the same sign. In order that these solutions be nonnegative, the quantity in parentheses in the second term must be non-positive,
The discriminant of the quadratic equation (8) reads, to the accuracy of the factor 4δ 2 ,
Solving the inequality D 0 jointly with the inequality (17), one finds that equation (8) is solvable and has non-negative solutions provided that the function f (w) satisfies the inequality
Assuming that this inequality is satisfied, one can write solutions to equation (8) as
The question arises as to which sign on the right-hand side of this expression is appropriate, i.e. which of the two branches of the solution is physical. Attempts to find a simple answer to this question have been unsuccessful (see appendix B of [20] ). Alternatively, the second-order boundary-value problem (6), (7), (9) may be transformed to a first-order initial-value problem for the function ν(w) (see appendix C of [20] ). This equation is supplemented by the expression for the charged-particle density obtained by solving equation (8) 
Analytical and numerical treatment
Analytical treatment
Let us consider the question of choosing a proper sign in equation (20) . A convenient graphic illustration may be obtained if one considers the plane (α, w). The calculation domain in this plane is represented by the strip (0 < α < ∞, 0 w 1). We designate by a boundary dividing, for a given δ, the strip into parts in which different branches in equation (20) w = 0 at the point (1, 0). Additional information concerning the line may be obtained from the approximate analytical solutions in the limiting cases of small or large values of α (see [15] ). In the case of small α, it follows from the last equation in [15, equation (32) ] that equation (20) 
One can conclude that the proper sign in the case of small α is minus. In a similar way, one can conclude that the proper sign in the case of large α is plus. It should be emphasized that both conclusions apply to all points of the interval 0 w 1. It follows that the boundary , having started on the axis w = 0 at the point (1, 0), terminates somewhere on the line w = 1, the branch with plus being appropriate on the right-hand side from the boundary and the branch with minus being appropriate on the left-hand side.
Hence, a range of α exists in which it is necessary to switch in the course of calculations from one phase to another. A continuous switching may occur only at a point where the phases coincide, i.e. where the discriminant of quadratic equation (8) vanishes. Thus, one of the equations governing boundary is D = 0, or, equivalently,
Since the discriminant cannot become negative, it attains a minimum value at this point. Hence, another equation governing the boundary is dD/dξ = 0, or, equivalently,
Eliminating derivatives from this equation by means of equations (6) and (7), one arrives at
The third equation is supplied by equation (20) with
Thus, boundary is governed by the three equations (21), (23) and (24) . Solving these equations, one finds
The boundary described by equation (25) is depicted in figure 2 . It starts on the axis w = 0 at the point α = 1, enters the region α < 1, and terminates on the line w = 1 at the point α = α cr ≡ (1 + δ) −1/2 . Thus, in the case α 1 one should choose in equation (20) the branch with the plus. In the case α α cr , the branch with the minus should be chosen. In the case α cr < α < 1, one should consider the branch with the minus when w < w and the branch with the plus when w > w .
This choice is a necessary condition for a continuous switching between different branches. The question remains, however, as to whether this choice is sufficient to ensure a (continuous and) smooth switching, or, in other words, whether a smooth switching is at all possible. In order to answer this question, the asymptotic behaviour of the function f (w) in the vicinity of the boundary has been investigated (see appendix D of [20] ). The answer turned out to be positive. It is of interest to note that a smooth switching, while being possible in the range α cr < α < 1, would not be possible in the range α < α cr . Since the line is positioned at α < α cr in the region w > 1, i.e. beyond the region of physical interest w 1, this result is not of direct importance; however, it indicates that the point w = 1 is of a particular significance for the problem considered. The latter conclusion looks surprising at a first glance, since w = 1, while being a singular point of equations (12) and (13), seems to be of no particular significance for equation (14) . However, its significance can be seen from equation (C2) in appendix C of [20] : dν/dw = 0 at this point.
Another somewhat surprising result is that the particle densities on the sheath side of the ionization layer may be found at α = α cr without finding the distribution inside the ionization layer. Indeed, setting α = α cr in equation (26), one finds
This result, jointly with the inequality equation (19) , indicates that the function f w (α) attains a maximum value at α = α cr . It follows from the above that the function f (w) in the case α cr < α < 1 must satisfy, in addition to the boundary condition f (0) = 1, the boundary condition f (w ) = f . Hence, one of these conditions is ineffective, i.e. is satisfied by any solution of equation (14) . In this connection, the asymptotic behaviour of the function f (w) at small w is analysed in appendix E of [20] . It is found that the asymptotic behaviour of a general solution to equation (14) at small w in the case 0 < α < 1 is where p 0 , p 1 , p 2 , . . . are known coefficients and C 1 is an arbitrary constant. One can see that the general solution to equation (14) in the case 0 < α < 1 represents a oneparameter family of solutions, each of them satisfying the boundary condition f (0) = 1. In other words, in the case 0 < α < 1 this boundary condition does not allow one to choose between different solutions, i.e. is ineffective, and the initial-value problem for the function f (w), comprising by equations (14), (8) and the boundary condition (15), has multiple solutions (i.e. not closed). It is shown in appendix A of [20] that the boundary condition f | ξ →∞ = 1 is effective in the framework of the original boundary-value problem: it allows one to choose between exponentially growing and exponentially decaying solutions. This conclusion may seem to contradict the conclusion of the present section that at 0 < α < 1 the boundary condition f (0) = 1 is ineffective and the initialvalue problem for the function f (w) is not closed. There is in fact no contradiction as is shown in appendix F of [20].
Numerical verification
The aim of this section is to check by means of numerical calculations the conclusions of the analytical treatment. It was shown analytically that in the case α 1 the branch with the plus is appropriate in equation (20). However, negative values of the discriminant D are encountered at α equal to or slightly above unity in the numerical solution of the problem (14) , (15) supplemented with equation (20) with the plus (see appendix B of [20] ). If the above analytical treatment is correct, then this should be a numerical effect which has no physical meaning. In order to check the latter conclusion, the same problem was solved 'with tolerance': when negative values of the discriminant were encountered, they were replaced by zero and the calculations proceeded. Negative values of D occurred in such calculations in a certain interval of w values starting from the very first step. As an example, the upper boundary of this interval, w 1 , is shown in table 1 for α = 1. Here, h is the step of the numerical grid, numbers in parentheses represent the minimum value which is attained on this interval by the normalized discriminant,
One can see that on finer grids the modulus of negative values of the normalized discriminant decrease while the range of w in which the discriminant is negative shrinks. Calculations with tolerance for α 1 gave similar results. This confirms the conclusion that negative values of the discriminant occurring at α 1 represent a numerical not a physical effect.
It was shown analytically that in the case 0 < α < 1 the boundary condition f (0) = 1 is ineffective, i.e. is satisfied by any solution of equation (14) Negative values of the discriminant have been tolerated and the lowest value of the normalized discriminant detected in these calculations was −1.1 × 10 −6 . Lines 2 and 3 have been calculated (without tolerance) with initial values reduced by 20% or, respectively, 50%. One can see that all the solutions reach the point w = 0 with f = 1 (and ν = 0), which confirms the ineffectiveness of the boundary condition f (0) = 1.
It was shown analytically that in the case α cr α < 1 the solution satisfies the additional condition f (w ) = f , where w and f are given by equations (25) and (26), respectively, and that the branch with the plus is appropriate in equation (20) at w > w while the branch with minus is appropriate at w < w . Accordingly, numerical calculations have been performed in which equation (14) was solved with the initial condition f (w ) = f first on the interval w w 0 with the use of equation (20) with a minus sign, second on the interval w w 1 with the use of equation (20) with a plus sign. As an example, results of such calculations for two values of α between 1 and α cr are shown in figure 4 . Negative values of the discriminant have been tolerated and the lowest value of the normalized discriminant detected in these calculations was −6.1 × 10 −6 . One can see that the solutions for both f (w) and ν(w) are smooth on the whole interval 0 w 1 including the point w , which confirms the above-mentioned conclusions of the analytical treatment. The solutions for f (w) satisfy the boundary condition f (0) = 1, which once again confirms the conclusion on ineffectiveness of this boundary condition for 0 < α < 1.
Additional numerical results validating the analytical treatment can be found in appendix G of [20].
Discussion of results
The above analysis shows that the character of solutions describing the multifluid model of the ionization layer (ionization presheath) separating a fully ionized lowtemperature thermal plasma from the space-charge sheath adjacent to a solid surface is governed by α the ratio of the ionization length to the mean free path for ion-atom collisions. It is convenient, therefore, to consider the plane (α, w), in which the calculation domain is represented by the strip (0 < α < ∞, 0 w 1) (see figure 2) . Different phases (i.e. different branches of the solution of the quadratic equation for the atomic density) are appropriate in different parts of the strip, the boundary between these parts being described by equations (25) (25) and (26) appear in the framework of this approach as conditions of a smooth transition of the atomic flow through the sound barrier. In other words, the line represents, in the framework of this approach, the Mach line for the atomic flow, i.e. a boundary dividing the calculation domain into parts in which the atomic flow is sub-or supersonic. More specifically, the atomic flow is sub-sonic under conditions in which the branch with the plus sign of the solution of the quadratic equation for ν is appropriate, and is super-sonic where the branch with the minus sign is appropriate.
Another physical interpretation of the two phases may be obtained by resorting to asymptotic solutions in the limiting cases of large or small values of α [15] . Since α is of the order of the inverse of the Knudsen number, the limiting case of large α corresponds to the conventional diffusion regime. The opposite limiting case, α 1, was termed the pseudodiffusion regime in [15] . Ion inertia and the dynamic pressure of the ion species are insignificant in both regimes. The pressure gradient and the ambipolar electric field are balanced in the pseudodiffusion case by momentum transfer from the neutralatom species to the ion species due to ionization, rather than due to elastic collisions as in the diffusion regime; a variation of the static pressure of the charged particles is balanced in the pseudodiffusion regime by a variation of the dynamic pressure of the atom species, rather than by a variation of the static pressure of the atom species, as in the diffusion regime. While the diffusion regime is described by the branch with the plus sign of the solution of the quadratic equation for ν, the pseudodiffusion regime is described by the branch with minus.
In the case α 1, the solution is uniquely determined by the physically transparent boundary conditions, namely, by the Bohm criterion at the sheath edge and the condition of full ionization on the plasma side of the ionization layer. In the case α < 1, the latter condition ceases to be effective, i.e. is satisfied by any solution of equation (14) . An alternative boundary condition, described by equations (25) and (26), is found for a certain range of α below unity, α cr α < 1. Again, this result may be conveniently illustrated by figure 2: there is an effective boundary condition on the section α 1 of the axis w = 0; at the point (α = 1, w = 0) the effective boundary condition is transferred to the line .
The following approach to the solution of the problem may be formulated on the basis of the above treatment. In the case α 1, the solution of equation (14) should start on the axis w = 0 with the initial condition f (0) = 1; the branch appropriate in equation (20) is the one with the plus sign. Negative values of the discriminant D should be tolerated. In the case α cr α < 1, the solution should start on the line with the initial condition f (w ) = f , the branch with the plus sign being appropriate in equation (20) at w > w and the branch with the minus at w < w . Again, tolerance should be employed.
The branch with the minus should be chosen in equation (20) in the case α < α cr . There is, however, a difficulty with an initial condition in this case: the condition f (0) = 1 is ineffective while the condition f (w ) = f is inapplicable. Thus, the known boundary conditions are insufficient to single out a unique solution in the case α < α cr and an additional relationship is needed. In other words, one can expect that at the point (α = α cr , w = 1) the effective boundary condition is transferred from the line to the section α < α cr of the line w = 1; however it is unclear what this new boundary condition is.
Although the question as to what this additional boundary condition is beyond the scope of this work, we note the following. One can hope that if solutions obtained by different methods are close between themselves, then these solutions are also reasonably close to the solution desired. As was discussed at the end of appendix G of [20] , the former is the case in the whole range α < α cr at large β and in the range α 0.4 at β = 1. Hence, one can obtain in such a way an estimate of the desired solution in all the cases except in a narrow range of α adjacent to α cr at β of the order of unity.
The dependence f w (α) calculated in such a way is depicted by solid lines in figure 5 . (For definiteness, we note that the results shown in the range α < α cr have been obtained by solving, without tolerance, problem (14) , (15) , supplemented with equation (20) with the minus, with h = 10 −3 .) One can see that the calculated dependence f w (α) is continuous at one of the two points at which the calculation procedure is switched, namely at the point α = 1. At the other switching point, α = α cr , the calculated dependence is continuous from the right: as α tends to α cr from above, f w (α) tends, with zero derivative, to the value δ/2(1 + δ) given by equation (27), thus confirming the conclusion of the analytical treatment, that f w (α) takes the maximum value equal to δ/2(1 + δ) at α = α cr . However, the dependence is discontinuous from the left at α = α cr : there is a gap 0.4 < α < α cr in the case β = 1; there is no gap in the case β = 50 but there is a discontinuity between the numerical data for α < α cr and the maximum point. The latter discontinuity stems from the failure to single out the desired solution at α < α cr and should be considered as an error inherent to the above-described approach. It should be emphasized, however, that this discontinuity is relatively small (about 10%).
In [15] , a non-monotonic dependence of f w on α was predicted on the basis of the fact that this dependence is growing in the pseudodiffusion regime and falling in the diffusion regime. The present results confirm this prediction: in fact, f w (α) grows in the range α < α cr and falls in the range α > α cr . Note that the non-monotonic dependence of f w (α) may be understood as follows. At α of the order unity, the ion-atom frictional force is not strong and cannot prevent an acceleration of the ion fluid by the pressure gradient and by the ambipolar electric field to velocities of the order of the Bohm velocity; hence f w = O(1). At α large or small, the ion fluid is subject to a strong frictional force due to elastic collisions or, respectively, momentum transfer from the neutral-atom species to the ion species due to ionization; hence, the ion velocity is much smaller than the Bohm velocity and f w 1. Also shown in figure 5 is the dependence f w (α) described by the interpolation formula [15, equation (50) ]. One can see that this formula is qualitatively correct. One can derive a more accurate approximate formula making use of the fact that α = α cr is a point of maximum of f w (α) (see equation (I4) in appendix I of [20] ). The function f w (α) described by the latter formula is also shown in figure 5 . One can see that the accuracy of this formula is rather high.
The treatment of this work has been performed neglecting variations of the electron and heavy-particle temperatures across the ionization layer. Reasons for this approximation have been discussed in the beginning of section 2.1 (see also numerical estimates of section 5). On the other hand, it is unlikely that an account of a variability of T h and T e would change the conclusions of this work qualitatively.
Comparison with experimental data
Experimental data which can be compared with the present theoretical results are given in [13] (see also [21] ). Measurements of the ion current J i to an electric probe in a highly ionized Cs plasma, at a pressure of the order of 1 Torr, are given in [13] in the following form: the dimensionless ion current
where n pl the electron number density in the bulk plasma, is presented as a function of the ratio of the ionization length
1/2 to the mean free path for ionatom collisions l i = kT h /pQ (1, 1) ia . The parameters I i and L 0 /l i are related to f w and α of this work as
Experiments in [13] have been performed for a range of T e from 2500 to 4500 K. The most interesting from the point of view of this work is the range T e 4000 K, in which the bulk plasma is close to full ionization and L 0 /l i 1.
The values of the electron number density n e both in the bulk plasma and on the plasma side of the ionization layer are determined by the balance of ionization and recombination reactions. These reactions proceed mainly via stepwise excitation and de-excitation of atomic levels (e.g. [22] ). While the dominant excitation process is due to electronatom collisions, de-excitation is governed both by electronatom collisions and by radiative transitions. If the collisional de-excitation dominates, then the ratio of ionization and recombination rates equals the equilibrium constant given by the Saha equation evaluated at the electron temperature. It can be shown with the use of values of radiation transition probabilities and rate constants of collisional de-excitation for caesium given in [22, appendix 4] that the ionization equilibrium at T e ∼ 4000 K holds provided n e 10 20 m −3 . (This is an estimate from above obtained under the assumption of free escape of resonance radiation, which may be the case in a thin near-surface layer.) The electron number density is of the order of 10 21 m −3 in the experiment [13] ; hence, it may be evaluated by means of the Saha equation.
The value of the ion-atom cross sectionQ
for Cs used in [13] was 10 −17 m 2 ; note that this value conforms to the recent data of [23] . An estimate with the use of this value gives the mean free path for ion-atom collisions, l i 10 −5 m, which is much smaller than the electric probe radius a = 5 × 10 −5 m. Since L 0 l i under the conditions considered, it follows that L 0 a, and the ionization layer may be treated as flat. The length of electron energy relaxation l is of the order of 10 −3 m under the conditions considered, being much larger than the probe radius. Therefore, variations of the electron temperature near the probe are smoothed by the electron thermal conduction; thus, T e in the vicinity of the probe is expected to be close to that in the bulk plasma.
A process perturbing thermal equilibrium in the bulk plasma is transport of the heavy-particle energy by heat conduction. The relative deviation of T h from T e in a fully ionized plasma may be estimated as l l ii /L 2 , where l ii is the •: experimental data [13] ; β = 6.
mean free path for ion-ion collisions and L is the size of the plasma region (see, e.g., [24, equation (5)]). An estimate for conditions of the experiment, at l 10
−3 m, gives the relative deviation (T e −T h )/T e 10 −2 . Thus, the heavy particle temperature in the bulk plasma is close to the electron temperature.
A decrease of the heavy-particle temperature from the electron temperature value down to the temperature of the probe surface occurs on the length scale √ l l ii 10 −4 m. Since the latter scale is much larger than l i , the gas temperature T h in the ionization layer is close to the surface temperature, which is about 700-750 K. Then, one can set β 6.
In order to compare the experimental data [13] with the theory of this work, the dependence of I i on L 0 /l i given in [13] has been transformed to a dependence f w (α). Note that values of k i , the ionization rate constant for Cs atoms used in the evaluation of L 0 /l i in [13] , at T e 4000 K, seem to be too high. Given that L 0 /l i is proportional to k
, the values of L 0 /l i have been re-scaled as
where (L 0 /l i ) (B) are values from [13] , k (B) i and k (MDA) i are values of the ionization rate constant used in [13] and those given by the modified diffusion approximation (see [22] ), respectively.
Measured values of the electron number density n pl in the bulk plasma given in [13] are related to the ion number density n i∞ on the plasma side of the ionization layer by the formula 2n pl = n i∞ (1 + β)/β. This relationship follows from the constancy of pressure for a plasma close to full ionization; it is assumed, on the basis of the above estimates, that T e at the edge of the ionization layer is equal to that in the bulk plasma; T h in the bulk plasma is equal to T e ; T h at the edge of the ionization layer equals the surface temperature. For β = 6 one finds n pl /n i∞ = 0.58.
Data from [13, figure 5 ] corresponding to the range L 0 l i , transformed as described above, are shown in figure 6 . While values given by the diffusion theory are considerably higher than the experimental values, the theory of this work is in reasonable agreement with the experiment.
Conclusions
The problem describing a multifluid model of the ionization layer (presheath) at the edge of a fully ionized plasma is studied. It is found that the character of the solution is governed by α, the ratio of the ionization length to the mean free path for ion-atom collisions. The breakdown of numerical calculations at α equal to or slightly above unity represents a numerical effect that can be easily overcome. The breakdown of numerical calculations at α < 1 is caused by the fact that the condition of full ionization on the plasma side of the ionization layer at α < 1 becomes ineffective, i.e. is satisfied by any solution of the differential equation.
Conditions are found that ensure a continuous switching between different branches of solution of the quadratic equation for the atomic density or, equivalently, a smooth passage of the atomic flow through the sound barrier. This finding allows one to single out a unique solution in the range α cr α < 1.
In the case α = α cr , particle densities on the sheath side of the ionization layer may be found without finding the distribution inside the ionization layer and are given by equation (27) .
In the range α < α cr , the known boundary conditions are insufficient to single out a unique solution and an additional relationship is needed. However, solutions given in this range by different methods are not very different between themselves, which allows one to hope that they are not very different also from the solution desired. Such an approach, while being incomplete theoretically, provides enough information for practical purposes. On the other hand, the question of what the above-mentioned additional relationship is, is very interesting and important and deserves to be addressed in the future.
An accurate approximate formula has been derived for the ion flux generated in the ionization layer (equation (I4) in appendix I of [20] ). This formula may be integrated into models of near-cathode layers in high-pressure arc discharges.
The results obtained are in agreement with experimental data available.
